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After picking out what may seem more realistic minimal gravitational deformation of quantum 
mechanics, we study its back reaction on gravity. The large distance behaviour of Newtonian po- 
tential coincides with the result obtained by using of effective field theory approach to general 
relativity (the correction proves to be of repulsive nature). The short distance corrections result in 
Planck mass black hole remnants with zero temperature. The deformation of position-momentum 
uncertainty relations leads to the superluminal motion that can be avoided by making similar defor- 
mation of time-energy uncertainty relation. Such deformation also avoids UV divergences in QFT. 
The question of the space-time dimension running/increase because of such deformation is briefly 
discussed in the end. 
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I. INTRODUCTION 



Nowadays, the ultimate theory of quantum gravity is 
still "under construction" . Nevertheless, there are several 
different successful approaches to quantum gravity, each 
of these having certain advantages over the others for 
studying of a concrete question An unifying frame- 
work awaits its discovery. The present article mainly 
focusses on a phenomenological discussion of minimum- 
length deformed uncertainty relations. As the concept 
of minimum length naturally appears in all approaches 
to quantum gravity, one might hope that the bottom-up 
study by incorporating of minimum length into quantum 
mechanics may show up a good deal of knowledge about 
quantum gravity. Or otherwise speaking, the minimum 
length deformed quantum mechanics may prove to be 
a very economic and at the same time quite predictive 
unifying framework for discussing quantum gravitational 
effects. 

It is evident that even in the simplest case there is a 
good deal of freedom in possible minimum-length defor- 
mations of position-momentum uncertainty relations(s). 
In the beginning we point out that one of them is natu- 
rally singled out and provide further motivation for it. 
Indeed, for this sort of modification there are several 
well known Gedankenexperiment approaches by combin- 
ing basic principles of quantum mechanics with general 
relativity. Then using a particular Hilbert space rep- 
resentation of such a deformed quantum mechanics, we 
address the question of consequent modification of QFT 
both at first and second quantization levels and subse- 
quently its possible back reaction on gravity. (Through- 
out this discussion the gravitational interaction is treated 
as just produced by exchanging of graviton and the mod- 
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ifications due to minimum-length deformed quantum me- 
chanics is assumed to be universal for all particles, includ- 
ing graviton. Shortly speaking, linearized gravity with re- 
spect to the Minkowskian background is assumed) . A cu- 
rious result seems to be the existence of zero-temperature 
black hole remnants for such modified gravity as well as 
the recovery of well known quantum-gravitational black- 
hole entropy corrections. In the end we briefly address 
the question of UV finitencss of QFT as long as the time- 
energy uncertainty relation is also deformed and the ef- 
fect of space-time dimension running/increase in view of 
the gravitationally deformed quantum mechanics. 



II. IMPLEMENTING MINIMUM LENGTH IN 
QUANTUM MECHANICS 

On dimensional grounds one can consider various grav- 
itational corrections to the Heisenberg uncertainty rela- 
tion that result in the lower bound on position uncer- 
tainty (we assume c—1, that is, [K\ =g-cm, [Gn] =cm/g) 
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where Pi are numerical factors of order unity. In order 
each term separately to provide a lower bound on position 
uncertainty, one should require ai < 2. On the other 
hand, it to be possible to switch off quantum mechanics 
?i — > 0, one has to require on > 1. The correction term 
= 1 is unique in that it does not depend on h and 
therefore survives even when /i — >■ 0. This correction can 
be derived as a result of gravitational extension of the 
length scale as viewed from the background Minkowskian 
space. 

Indeed, assume particle is localized within the region 
5X . Even if particle's mean value of momentum is zero, 
there is quantum fluctuation in momentum according to 
the Heisenberg uncertainty relation 5P ~ h/&X. Hence, 
the energy density over the spherical region with linear 
size 5X reads as p = Z^/5P^^+rrl? / A-k{5X)'^ . One then 
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easily estimates the gravitational field within the region 
6X with constant energy density p, see Q , and finds that 
the distance SX is extended because of gravity as 



Let us specify that Planck length and Planck energy 
are defined as Ip = KGn 
H/Gn ^EpK IQi^GeV. 
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III. IMPLICATIONS FOR QFT 



A. Modification at the first quantization level 



Interpreting from the standpoint of the background 
Minkowskian space, gravity provides a "repulsive" effect 
on the wave-packet localised within some region. From 
Eq. (m one sees that this background Minkowskian space 
interpretation makes sense as long as 8ttGnp{SX)'^ /3 <C 
1 ^ <5X > 2GnVSP^1^, that is, the width of the 
wave-packet should be much greater then its gravita- 
tional radius. In this case from Eq.® one finds 
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Usually, relativistic wave equations are constructed by 
defining of a four- momentum operator p^, which in the 
coordinate representation has the form = —idf^ [l0[. 
Now let us define the modified three-momentum with 
respect to the three-dimensional generalization of Eq.Q 
in which we simply write I3lp — ^ /?. Such a generalization 
that preserves translation and rotation invariance and 
introduces a finite minimum position uncertainty in all 
three position variables maybe written as 0^ 



X\ 

x\ X^ 



'1 + 4/3P2 - 1 



pi pj 
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Assuming in Eq.® SP^ ^ the modified uncertainty 
relation takes the form originally suggested in the frame- 
work of string theory Q 



The deformed X, P operators can be represented in 
terms of the standard x, p operators in the following way 



SXSP > 



f3llSP^ 
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hereafter we will set h — 1. For other 
Gedankenexperiments motivating this sort of (modified) 
position-momentum uncertainty relation see [J]. 

The correction term in Eq.Q makes sense even when 

1/2 

6P > g;/ '^ In this case it is motivated by the fact that 

1/2 



in high center of mass energy scattering, y/s > Gpf 



the production of black holes dominates all perturbative 
processes d, @ , thus limiting the ability to probe short 

distances. (At high energies, ^/s ^ G^ ' , the black hole 
production is increasingly a long-distance, semi-classical 
process) . The gravitational radius of the black hole grows 
as rg ~ Gn\/s determining therefore high energy be- 
haviour of the position uncertainty. 



Its Hilbert space realization in the standard-momentum, 
p, representation has the form 



with the scalar product 



(^ii^2) = J d'p riiP)Mp) 

The modified field theory takes the form 
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The equation of motion reads 



'dl + P2 + m']^ 



A 



(1 + /3A)2 



+ rn^ U> = . (8) 
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Expressing p in terms of P 



l-/3p2 



yjl + 4/3P2 - 1 

2/3P2 



one finds 



exp ^xl 



y/f + 4/3P2 - f 
2^P2 



So, the wave-length is represented now as 
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2/3p2 



^' y/f + 4/3P2 _ 1 ' 

and is bounded from below A > l-K^f^i no matter what 
the value of P is. Thus, 
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P exp ixP 
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and the solution of Eq.® is given by 



exp «rv P + — ixP -^^ 

\ 2pP2 



Going to the momentum p, the field operator takes the 
form 



'Pit, x) 
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e»(px-ept)2(p) + e-''(P''-^p*)S+(p) 
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where 



P Y(f-/3p2)2 

So we arrive at the modified dispersion relation 



= p2 + „j2 ^ P 
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From Eqs.Qini) one gets the Hamiltonian 



(10) 



-il 



(Pp 



P^</3- 



-il 



xy 



VP 



rxyV^ 



gip(x-y) 
(27r)3 



' xy 

VP 



, (12) 



where r^y = |x — y|. The Eq.([T2]) is the "smoothed out" 
delta function; so in the limit f3 one recovers the 
standard quantization condition. Otherwise speaking, 
now the operators n{'x.), <?(y) are non-commuting within 
the region |x — y| < VP- 

Finally let us notice that such a deformation admits a 
superluminal motion. Namely taking m — 0, one finds 
for group velocity (see Ea. ([TU)) ) 



+ <pp2<7, _^ ^^2^2 



H 



J d^p'-f[a+ip)a{p) +aip)a+{p)] . (11) 
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The commutation relation 



n{t, x), ^t, y) 



, where as 



in the standard case n{t, x) = <P{t, x), takes the form 
(see Appendix) 



de 
dp 



1 + Pp^ 

(1 - /3p2)2 



> 1 . 
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It is worth noticing that the vacuum polarization ef- 
fect in QED in presence of the classical gravitational 
background also indicates the superluminal propagation 
of light [ll|; for a comprehensive review of this phe- 
nomenon see [13] ■ (The physical meaning of this effect 
can be understood in the following way. For in terms 
of the Feynman diagrams the vacuum polarization effect 
can be read off as the process of photon decay into vir- 
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tual electron-positron pares and their subsequent annihi- 
lation, the photon acquires an effective size characterized 
with the Compton wave-length of the electron. It then 
follows that the photon propagation is affected by gravity 
when the scale of space-time curvature becomes compa- 
rable to the Compton wave-length of electron) . 

B. Modification at the second quantization level 



represented as a limit of a discretized theory with denu- 
merable degrees of freedom. But it is worth noticing that 
different discretizations may lead to distinct results when 
deformed quantization is applied. If the field theory dis- 
cretization is done through the space discretization then 
in the limit of a continuous space the effect of deformed 
quantization simply vanishes [13|. 

Namely, looking at field theory as a limit of a discrete 
system 



Concerning the deformed quantum mechanics, an im- 
portant issue is to study how it affects the second quanti- 
zation picture. One the one hand, doing so is necessary to 
have a self-consistent picture for theories with modified 
dispersion relations. On the other hand, performing the 
field quantization with respect to the deformed prescrip- 
tion may result in the long-ranged corrections that can 
be used for comparing the results with the effective field 
theory approach. In fact that may be the only way to 
pick out more realistic models with deformed dispersion 
relations. 

We put aside the modifications at the first quantization 
level and pose the question how the deformed quantiza- 
tion can be extended to the second quantization level. 
Field theory is usually understood as a system having 
non-denumerably many degrees of freedom, which can be 



(spatial integral is represented as a Riemann-sum over 
the discrete set of points), one finds 

and the Eq.(l5]) to the first order in f3 
takes the form 



i7(x,) 



Taking the limit (5xY one finds that the corrections to the commutator disappear 



<?(x), 7T(x') =q5(x-x')/+ lim l3{SxfS{x-:x.') (fyn'\y)+2l3{Sxfn{:x.)n{:x!) 
Instead one may find it reasonable to replace the limit {5x)^ — ^ by the {SxY — > that gives 



iS{x - x') 



^(x), iT(x')] - i (^(5(x-x')/ + /3^/2(5(x-x') J d^y n\y) + 2/3^/2iT(x)n(x'; 



(14) 



But we find it more natural to use the oscillator ex- 
pansion of the field theory for applying of minimum- 
length deformed formalism at the second quantization 
level [l^ Oscillator expansion implies the expan- 

sion of the field into plane waves representing free par- 
ticle wave functions in the Minkowskian background - 
thus paving the way for defining of quantum (particle) in 
terms of quantized field. 



After introducing of ladder operators, the Hamiltonian 
of a neutral scalar field <P enclosed in a finite volume 



where 11 = <P, reduces to 



H =^^ep^ [S+(p„)a(Pn) +S(p„)S+(p„)] , 



where Sp^ = -^/p^+rr?. Introducing real variables 
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9p„ 



Pp. 




— [a(p„) + a+(p„ 



the Hamiltonian splits into a sum of independent one- 
dimensional oscillators 



H 
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(15) 



involves some characteristic length (energy) scale h just 
in the vein of an effective QFT. For the purpose of iden- 
tifying the length scale h, one may keep in mind that in 
view of Eq.(|31) the deviation from the standard quantiza- 
tion becomes appreciable at high energies. Therefore it 
naturally suggests the identification of l^^ with the char- 
acteristic energy scale of the problem under consideration 
(for more details see [T^). 

Using the corrected Hamiltonian (IT6|) one may solve 
Heisenberg equation for the field operator to the first or- 
derjn /? and see how the wave- function of the free particle 
(0|^(t, x)|p) gets modified. This way one arrives at the 
modified dispersion relation [l4| 



The length scale U in Eg . ([15)) is of no importance in 
the framework of standard quantization for the energy 
spectrum of harmonic oscillator does not depend on its 
mass, but it appears explicitly in the energy spectrum 
when the minimum length deformed quantization is ap- 
plied [3]. Namely, for each oscillator in Eq. p3|) now we 
have a one-dimensional minimum-length deformed quan- 
tization condition 



that to the first order in (3 admits the following represen- 
tation in terms of the standard qp^ , operators 



(17) 



IV. CORRECTIONS TO THE NEWTONIAN 
POTENTIAL 

Solving the Eqs.® to the leading order in /3 for X, P 
operators, one can not catch the cut-off on p. Namely, 
it is exact solution ^ that indicates this cut-off. Let us 
first consider the former case. To the leading order in /?, 
the Eq. fTU)) implies the modified dispersion relation 



Qpn 9pre 1 Ppl^ Ppn 



I + ^Pp 



— n 



Now replacing — >■ Pp^ , qp^ — > Qp„ , the Hamilto- 
nian (IT5|) gets modified as 



2h 



E ("f^ [a+(p„)a(p„) +a(p«)a^(p«)] 



/3£p„ [a"^(PrO - a(PrO] 



(16) 



So, we see that the second quantization with respect 
to the minimum-length deformed prescription necessarily 



= p^ + 



2/3p4 , (18) 
that for the gravitational potential gives [l^ 



47r e 



(27r)3 k2 + 2^k4 



47r e 



(27r)3 V k2 
r r 



1/2/3 



(19) 



So, the correction due to Ea. lfTS)) appears to be a very 
short-ranged repulsive Yukawa potential. 

Now, by using the cut-off k^ < /3~^ and the exact dis- 
persion relation Eq. (|10p . one gets the following expression 
(see Appendix) 



V{r) 



<Pk 

(2^ 



■ 47r e 



— - 2/3 + /3^k^ ) = 
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7rr 



' r \ 2^ ( r \ 2/3 
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\ /33/2 (rV/3-6) / r \ 3/3^ (rV/3 - 2) . ( r\ 
— T. cos —= H — -. sm —= 



.(20) 
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When X —i' the sin-integral function behaves as Si(a;) ^ 
X. Using this asymptotic expression one finds that for 
r < V? the Eq.dini) behaves as 



V. IMPLICATIONS FOR BLACK HOLES 

A. Black hole remnants and regularization of 
gravitational singularities 



V 



(r « ^ 



1.2 



So, the gravitational force vanishes when r 
behaviour of V{r) is shown in Fig. [1] 



(21) 
0. The 




FIG. 1: Vertical axis: V{r)y/P , horizontal axis: x = r/y/fi. 



The other modification to the Newtonian potential 
arises from Ea. (jl7p . where denotes an intrinsic (IR) 
length scale to the problem under consideration. How it 
can be applied to a concrete problem? Certainly a sub- 
tle point is to identify the scale U. Using the modified 
propagator with respect to the Eg. lfTTl) one finds 



/ 



47r e 



(27r)3 

1 4;3 

r 
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2^ 
kh 



(22) 



For this particular problem there is only one naturally 
appearing length scale, it is r. So one can set unam- 
biguously / ~ r. With this identification one finds again 
a repulsive correction to the Newtonian potential of the 
form ^ /3/r^. Such a correction to the Newtonian po- 
tential arises at the one loop level in an effective field 
theory approach to general relativity [l^, [l3| , but in this 
approach the question of the sign for this correction re- 
mains controversial. 



One might feel unsatisfied with the explanation of 
black hole emission ceasing due to Eq. (U) proposed in pa- 
per [l^ , that the temperature for the black hole emission 
estimated via the relation (|4|) becomes a complex quan- 
tity when an evaporating black hole mass approaches 
Planck scale. 

Instead, we notice that the repulsive short ranged grav- 
itational correction may be responsible for black hole ra- 
diation halt as, on the one hand, it implies the vanish- 
ing of gravitational radius, Vg, when black hole evapo- 
rates down to the Planck mass and, on the other hand, 
the surface gravity that determines Hawking tempera- 
ture becomes finite for r-g = (or even zero). Thus, the 
appearance of a short ranged repulsive correction to the 
Newtonian potential may be a proper understanding of 
the reason why Eq.Q may imply black hole remnants. 

Let us first consider the modified Schwarzschild space- 
time with respect to the potential (for definiteness 
we set l3 = Pp/2) 



ds^ = f{r)dt^ - fir)-^dr^ - r^dQ'^ 



where 



2llm 2Ppme-'-/'^ 
f{r) = 1 i— + 



The equation for the gravitational radius takes the form 



2lpm 



-2llme-"''^^ 



(23) 



On the left hand side there is a straight line w = r — 2Zpm 
passing through the points {0,—2Ppm) and (2Zpm,0), 
and on the right there is a monotonically increasing 
function w — — 2^pTOe~''/'^ that starts from the same 
point (0, —2lpm) and asymptotically approaches real 
axes. The derivative of the latter is a positive monoton- 
ically decreasing function. So, if the derivative oi w = 
— 2^pme~''/'^ at the initial point (0, — 2^pTO) is smaller 
than the slope oi w — r — 2Zpm, that is unity, then 
these two curves never intersect each other and therefore 
Eq. ipS]) will have the only solution r = 0. The derivative 
of w = -2Z|,me"''/'^ at r = is w'{0) = 2lpm, which 
is less then unity for m < Ep/2. Thus, when the black 
hole evaporates down to this mass {rriremnant = Ep/2), 
the horizon approaches zero (disappears) and there is no 
Hawking radiation any more. If so, the question arises 
what is the exit temperature for such a black hole rem- 
nant. 

Using the relation 



one gets for the exit temperature (that is, Hawking tem- 
perature for Vg = 0) 



f'{rg{m)) 



4tt 



'^remnant 

An 



Now let us consider modified Schwarzschild space-time 
with respect to Eq.lgni): f{r) = l~2PpmV{r). Denoting 
in Ea. (j20p the expression in square brackets with V{x), 
where x stands for x = r/\/^, the equation for the grav- 
itational radius takes the form 



FIG. 2: Dashed blue line - Si(a;), red line - V{x) 



TT^/P X 



(24) 



Looking at the behaviour of function V{x), see Fig. [5J 
it is red line in the figure while dashed blue line repre- 
sents Si(x) alone, one concludes in a similar way that 
when black hole evaporates to the Planck mass, the hori- 
zon disappears. Namely, the derivative of the expres- 
sion on the right-hand side in Ea. ((24|) at x = is 0.6 
(see Eq. ipT]) ). Looking at the figure, one infers that the 
black hole horizon disappears when m < Epn^fP /2Alp. 
Then from Ea. ipT]) one infers that the exit tempera- 
ture for such a black hole remnant is zero. (Looking 
at the behaviour of Si(a;) in Fig. [5] and observing that 
Si(a;) = x — x^/lS + O (a;^) one infers that similar results 
about the black hole remnants will be obtained if only 
Si(a;) is kept in Ea. ((20)) \ 



quantization implies a backscattering effect for neutral 
particles Because of this, there is a backscattered 

part of the evaporated mass, dM cx —EpdT/T'^ , of the 
order of dMj^ cx T^dT/Ep that implies the entropy cor- 
rection of the form ^ I'p/rg. 

Combining together, we get a well known entropy ex- 
pression 



2 / \ / ; \ 2 



(7 and 77 are numerical factors of order unity) obtained 
in loop quantum gravity [19j and in a tunnelling formal- 
ism approach to the black hole emission 20]. It should 
be noted that backscattering effect does not affect the 
thermal character of the radiation, for more detail see 

0. 



B. Corrections to the black hole entropy 

It is easy to see that the increment of energy given by 
Eq. (IT71) results in the logarithmic correction to the black 
hole entropy. By taking into account that e (x T and the 
only appropriate length scale at hand is h ^ T^^, from 
Ea.([T7| one infers that black hole emission temperature 
gets increased T — >■ T+(3lpT^. Hence, to the first order in 
Pp the entropy dS = dM/T dM/T-l3PpTdM acquires 
a logarithmic correction 




where 7 is a (positive) number of order unity. 

Another peace of correction to the black hole entropy 
arises from the fact that the minimum length deformed 



VI. MODIFIED DISPERSION RELATIONS VS. 
THE MAXIMALLY LOCALISED STATES 

We saw that that both the above considered modified 
dispersion relation as well as cut-off result in the modified 
Schwarzschild solution that for the particle with the mass 
smaller than the Planck energy does not posses event 
horizon. So, such solution covers the whole region with 
respect to r. Looking at the Poisson's equation for the 
gravitational potential 

AV{r) = -Anllpir) , (26) 

one easily concludes that for the Ea. (PT|) the distribu- 
tion function for particle is not any more 6{r) but some 
smeared-out version of it. 
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Noticing that 

f J^A - 2 Si (r/V?) 

k2</3-i 




ikr 



k2<^-i 



^9rar y (27r)3 ' 
9r 9r 9r 9r J (27r)3 ' 

k2</3-i 

the potential can be written as 

k2<^-l 

2 Si (r/V?) ^ ^99 2Si(r/^/?) ^ 

^2 2 Si (r/V?) 

9r dr dr dr irr 

So, the delta function describing the distribution for 
point-like particle will be replaced by 



in quantum theory and see how the propagator and the 
resulting potential will be modified and the other one is 
to take a maximally localised state, which is some sort 
of smeared-out delta function and find for it the corre- 
sponding gravitational field (2l| - |23j . 

VII. TOWARDS THE UV FINITE QFT 

It has been conjectured long ago that the implemen- 
tation of a minimum length in quantum theory in an 
appropriate way [13], or taking account of the univer- 
sal and non-linear coupling of gravitation to matter (25| , 
may provide a natural mechanism for the damping of 
UV infinities in QFT. This problem in the framework of 
minimum length deformed quantum mechanics was ad- 
dressed in [8]. In that paper, from the very outset the 
Euclidean theory is assumed and the Eq.JS]) is extended 
for all X'^, P^. This approach makes somewhat obscure 
to understand what sort of modification is implied for the 
Minkowskian theory. Let us try to address this problem 
immediately in the Minkowskian case. 

For in the operational sense the time is understood 
by means of the periodic motion, the existence of the 
minimum length automatically implies the presence of 
the minimum time. Indeed, it was noticed long ago that 
there is a limit in the time resolution when synchronizing 
clocks [26^1 (this argument is also reviewed in [131). In 
view of this conclusion one might naturally expect the 
modification of time energy uncertainty relation of the 
form 



. 2Si(r/V?) ^ ^^2 2Si(r/V?) 



,2^3 2Si(r/V?) 



For more precise description for the characteristics of 
the maximally localized source (energy-momentum ten- 
sor) one may use exact general-relativistic equations for 
the ansatz (l23l) . see 



Lfll 

2 I / 



2f 

rf 



and substitute in it f(r) 



1 



2PpmV{r) 



So, there may be two ways for defining the back reac- 
tion on gravity due to concept of minimum length. One 
of them is to implement the concept of minimum length 



StSE > - + , (27) 

where /?' is a numerical factor of order unity. 
Writing in the form 



SX^Po > 2 (1 + f^'SPo) . 

where for brevity we have just replaced /?'ip -> f3' /2, one 
can readily find the solution of this algebra in terms of 
standard , po operators 



X" 



f-l/2 



tan 



(pov^) . (28) 



From Eg. ([25)) one gets that there is a cut-off: < 
^/2VF. 

Now let us bring into field-theory consideration 
Eq. (23) ■ Following the discussion of Section HID the ac- 
tion functional takes the form 
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2/3' 



7/3'- 



2a3 I n ( a'iW rf, I ™2^2 



^ ( - dt + ^ 9f + O {p'^) (A - 2;3A2 + 3p^A^ + O (p^)) ^ + m^^ 



(29) 



The equation of motion now reads 



'tan^ {idtVW) 



\ p' (1 + /3A)2 

The solution of this equation has the form 



exp ite — ixP 



y/l + 4/3P2 - 1 

2/3P2 



where 



From Ea. (l30l) one finds the velocity of the massless 
particle of the form 



tan^ {e^/p'] = /3' (P 



de 



1 



/3p2 



dp (1 - Pp^y + /3y 



(30) 



We see that at the expense of /?' one can avoid the su- 
perluminal motion. Namely, by taking /?' = 3/3 one gets 
that the velocity of light is always smaller than unity and 
varies from 1 to 2/3 when the momentum p runs over the 
interval (O,^-!/^). 

Usually the UV divergences in QFT are caused by the 
singular behaviour of the propagator 



Dc(xi - X2) 



dpod^p 

(27r)4 p2 „ p2 „ ^2 + ' 



on the light-cone: xi — X2 — 0, [28]. Now in view of the 
Eq. (I^n)) , the propagator will have the form 



DC 



dpo 



d^p 



P2 _ p2 _ ^2 



, (31) 



which is certainly finite for xi — X2 = 0. 



at higher energies. It may be curious to address the ques- 
tion of space-time dimensionality on the basis of modified 
uncertainty relation Eq.Q. Let us digress a moment to 
give the definition of the dimension. Let us consider a 
space-time region in the Minkowskian space. In order 
to estimate its dimension, we have to cover it by cells 
and counting the minimal number of such cells, N(e) that 
completely cover this region, we determine dimension as 
a limit d = d(e 0), where (?/e)'*(^) = N{e). This defi- 
nition, referred to as a box-counting dimension^ [29l | , can 
be written in a more familiar form as 



lim 



IniV(e) 
In^ 



In view of Eas.(|^ B7)) one infers that the maximum res- 
olution of space-time is set by the Planck length e = Ip. 
So the above equation takes the form 



In 



d = 



In- 



(32) 



One sees that in the case when V{£^) ~ the dimension 
is c? = 4. In light of Eq.Q one infers that the size of 
the wave packet marking the region will be increased 
as ^ — >■ ^ -I- fSlj^/l. So, for the volume of the £^ region 
measured this way one gets V{t) = I'^+ApPPp + O 
that results in the dimension slightly greater than 4 (see 
Eq.®) 



4/3 fl 



(33) 



Modification of the Newton's law due to dimension in- 
crement can be estimated without too much trouble by 
writing it in the Planck units 



. Ip , 1 

-Lpmim2 — — —ip'mim2 — 
r C 



VIII. QUANTUM GRAVITATIONAL RUNNING 
OF SPACE-TIME DIMENSION 

One of the main pillars of quantum gravity, string the- 
ory, strongly favours the idea that the dimension of space- 
time is greater than four; the effect becoming appreciable 



^ A major disadvantage of the Hausdorff dimension l3Cll is that in 
many cases it is hard to calculate or to estimate by computa- 
tional methods. Except of some "pathological" cases that have 
no physical interest, the Hausdorff dimension is equivalent to the 
box - counting dimension [3ll Is^l . 
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So, one finds (see Eq. 



d-3 



4/3 
^2 In^ 



and the modified Newtonian potential takes tlie form 



2 TO1TO2 



4/3 



It has the same form as the Ea. ip^ after identifying 
li, ~ r. Let us notice that the corrections to quantum- 
mechanical problems due to such dimension running will 
practically coincide with results obtained by immediate 
using of minimum-length deformed quantum mechanics 



IX. CONCLUDING REMARKS 

The concept of minimum length (implying the impossi- 
bility of measuring the particle position to a better accu- 
racy than this length scale) naturally suggests the modifi- 
cation of the position-momentum uncertainty relation in 
such a way as to get minimum position uncertainty from 
this relation. In a pure phenomenological way one might 
imagine many such possibilities, Eq.(IT]). But in Eq.([T]) 
one of the combinations for the gravitational correction 
is naturally singled out by the fact that it does not de- 
pend on h and thus survives even in the classical limit 
Eq.Q. Despite the fact that this sort of modification 
is supported by many Gedankenexperiment considera- 
tions, it seems very welcoming to have some low energy 
phenomena that could be reproduced by this modifica- 
tion. Such " universal" criteria may be the large-distance 
gravitational corrections obtained in the framework of an 
effective field theory approach to general relativity. But 
as it was pointed out above, in the framework of this ap- 
proach the question of the sign for the correction term 
remains a subtle point [l^ [13] see also '34^ . As discussed 
above, the minimum-length deformed quantum mechan- 
ics favours the repulsive correction to the Newtonian po- 
tential. 

In trying to estimate corrections to the Newtonian po- 
tential due to minimum-length deformed quantum me- 
chanics, we have assumed the following universality fea- 
tures. First gravity is treated on the same footing as the 
other interactions, that is, gravitational interaction is as- 
sumed to be mediated by graviton, and second, the mod- 
ified dispersion relation arising from the minimum-length 
deformed quantum mechanics is assumed to be applica- 
ble for all particles, including graviton. While for matter 
fields we can immediately implement the deformed mo- 
mentum into field theory (see for instance [1^1), for the 
gravitational field we still do not know how (beyond the 
linearized gravity) this kind of implementation can be 
done. 



Short distance behaviour of the corrected Newtonian 
potential indicates that the horizon of the black hole dis- 
appears when it evaporates down to the Planck mass and 
the corresponding emission temperature becomes zero. 
That is, the zero-temperature black hole remnants will 
be left behind the black hole evaporation. Such remnants 
might be considered as a possible candidates for the dark- 
matter [36]. Interestingly enough, the minimum- length 
quantum mechanics allows to recover both well known 
corrections for black hole entropy obtained previously in 
different approaches [l^, [13] • One more interesting fact 
regarding the short distance corrections to the Newtonian 
potential is that now the gravitational force does not di- 
verge at r = but rather it becomes zero. However, 
since the minimum-length deformed position-momentum 
uncertainty relation does not allow to probe the poten- 
tial at a given point, what can be measured is just the 
averaged potential over the length scale ^/p. 

It is important to notice that second quantization with 
respect to the minimum-length deformed prescription in- 
volves the scale which should always be replaced with 
the characteristic energy/length scale of the problem un- 
der consideration. So, one should not have a misconcep- 
tion that h as some IR cut-off enters the final expres- 
sions. The above considered examples explicitly demon- 
strate how this prescription works. In estimating the 
corrections to the potential was identified as distance 
r while in considering black hole emission it was set by 
the characteristic energy scale of the problem, l^, = T~^, 
where T is the emission temperature. Similarly, for the 
corrections to black-body radiation the characteristic en- 
ergy scale that should be used for identifying U is the 
temperature of radiation ]13]. 

It is worth noticing that if only position-momentum 
uncertainty relation is deformed the minimum-length de- 
formed quantum mechanics admits a superluminal mo- 
tion. If we deform the time-energy uncertainty relation 
too, it becomes possible to avoid the superluminal mo- 
tion. Moreover, this way one arrives at an UV finite 
QFT. Should be noticed that the theory given by Eq. ipg)) 
is ghost free (usually ghosts result in the additional poles 
of the propagator). If we truncate the series in this equa- 
tion at some power of /?' then we may face the problem 
of ghosts. 

The possible increment of space-time dimensions in 
view of the minimum-length deformed quantum mechan- 
ics gives the similar correction to the Newtonian poten- 
tial that follows from the immediate application of such 
quantum mechanics. Moreover, the correction to quan- 
tum mechanical systems due to such dimension incre- 
ment will be almost the same as one might expect from 
immediate using of minimum-length deformed quantum 
mechanics. (It may be curious in that, on the one hand, 
the minimum-length deformed quantum mechanics is ob- 
tained from string theory, which in its turn favours the 
idea of extra dimensions, and, on the other hand, it fits 
well the whole discussion). 

Recently a new paper addressing the question of field 
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quantization with respect to the minimum-length de- 
formed prescription appeared on arXive: [37l |. Author 
considers various possible minimum-length deformed 
quantization rules immediately in terms of ^, 77 oper- 
ators but does not consider their possible counterparts 
in quantum mechanics and vice verse (we mean the con- 
ventional transition from QM to QFT that implies con- 
sidering QFT as a continuous limit of some discretization 
scheme, see for instance Ea. ([n)) above). 

Finally let us mention a couple of papers addressing the 
question of the corrections to the Newtonian (Coulomb) 
potential for different dispersion relations [sstlSOj. 

For plotting we have used the package Mathematica 8: 
http: / / www.wolfram.coni/mathematica/. 
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Appendix 

To estimate the integral 



let us introduce a coordinate system with z axes along r. 
Then introducing spherical coordinates 



kx = k sin cos Lp , ky — k sin 6 sin 95 , k^ = k cos ( 
we get kr = kz cos 6 and d?k — k^ sin 9 dk dO dip, 



fi-1/2 

1 
TT 



d^k 

(2^ 



■ 47r e 



ikr 



- 2/3 + /J^k^ ) = 



dk (1 2/3fc^ + /S^fc'^) / d9 sin 6 



ikz cos 



Denoting cos 9 = t one finds 



d9 sin 9 e 



dt cos(fczt) 



ikz cos 6 



dte 



ikzt 



2 sin(A:z) 
kz 



Therefore the integral reduces to 



2 

7rr 



dk (1 - 2/3fc2 + /32fc4) ^Mkr^ 

k 



2 

7rr 



/ r \ 2V? ( r\ 2/3 . f r \ /33/2 (^2/^ _ g) 



cos 



H — sm 



Similarly, one finds 



d^k 



1 



(27r)3 



2TT^r 



27r2r 



dk k sin(fc-r) 



r \ 1 / r \ 
sm —= — — = cos I 1 



r2 VV^y VV^/ 



It is important to notice that in the limit /3 — > this 
expression approaches S{r). So, working out the large 
distance behaviour of this expression, r » which 
is dominated by the Fourier modes with wave-lengths 
much greater than the \/]3 and therefore almost insensi- 
tive to the existence of cut-off, one infers that large dis- 
tance behaviour of this expression is damped not simply 



as l/r^ but much more stronger because of the quickly 
oscillating cos(r/v^ and sin(r/v^. Namely, passing 
the minimum-length y^, the cos (r/y/]Tj and sin (r/^/5) 
change their sign about r/^/P times, so averaging over 
the minimum-length gives simply zero. Thus, for esti- 
mating the large distance behaviour of the potential we 
can simply ignore the cut-off 



d^k 



(27r)3 



■ An e 



B7r/35(r) 



1 

k2 " 

24/32 



2/3 -I- /32k2 



that after omitting the 6{r) term gives the large distance 
behaviour. 
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